Analytical Solutions to the Navier-Stokes-Poisson Equations with
  Density-dependent Viscosity and with Pressure by Hei, Yeung Ling & Manwai, Yuen
ar
X
iv
:1
00
5.
07
29
v1
  [
ma
th-
ph
]  
5 M
ay
 20
10
Analytical Solutions to the Navier-Stokes-Poisson
Equations with Density-dependent Viscosity and
with Pressure
Ling Hei Yeung
∗
Manwai Yuen†
Department of Applied Mathematics, The Hong Kong Polytechnic University,
Hung Hom, Kowloon, Hong Kong
Revised 05-May-2010
Abstract
We study some particular solutions to the Navier-Stokes-Poisson equations with density-
dependent viscosity and with pressure, in radial symmetry. With extension of the previous
known blowup solutions for the Euler-Poisson equations / pressureless Navier-Stokes-Poisson
with density-dependent viscosity, we constructed the corresponding analytical blowup solu-
tions for the Navier-Stokes-Poisson Equations with density-dependent viscosity and with pres-
sure.
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1 Introduction
The evolution of a self-gravitating fluid can be formulated by the isentropic Euler-Poisson equations
of the following form: 

ρt+∇ · (ρ~u) =0,
ρ[~ut + (~u · ∇) ~u)] +∇P = −δρ∇Φ + vis(ρ, ~u),
∆Φ(t, x) = α(N)ρ− Λ,
(1)
where α(N) is a constant related to the unit ball in RN : α(1) = 2; α(2) = 2π and for N ≥ 3,
α(N) = N(N − 2)V ol(N) = N(N − 2) π
N/2
Γ(N/2 + 1)
, (2)
where V ol(N) is the volume of the unit ball in RN and Γ is a Gamma function. And as usual,
ρ = ρ(t, ~x) and ~u = ~u(t, ~x) ∈ RN are the density and the velocity respectively. P = P (ρ) is the
pressure. And Λ is the background constant.
When δ = 1, the system can model fluids that are self-gravitating , such as gaseous stars. In
addition, the evolution of the simple cosmology can be modelled by the dust distribution with-
out pressure term. This describes the stellar systems of collisionless and gravitational n-body
systems [8]. And the pressureless Euler-Poisson equations can be derived from the Vlasov-Poisson-
Boltzmann model with the zero mean free path [10]. For N = 3, the equations (1) are the classical
(non-relativistic) descriptions of a galaxy in astrophysics. See [2] and [3], for details about the
systems.
When δ = −1, the system is the compressible Euler-Poisson equations with repulsive forces. The
equation (1)3 is the Poisson equation through which the potential with repulsive forces is deter-
mined by the density distribution of the electrons. In this case, the system can be viewed as a
semiconductor model. See [5] and [6] for detailed analysis of the system.
When δ = 0, the potential forces are ignored. The system is called Euler / Navier-Stokes equations.
See [4], [16] and [17] for detailed analysis of the system
In the above system, the self-gravitational potential field Φ = Φ(t, x) is determined by the
density ρ through the Poisson equation.
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And vis(ρ, ~u) is the viscosity function:
vis(ρ, ~u) := ▽(µ(ρ)▽ ·~u). (3)
In this article, we seek the radial solutions
ρ(t, ~x) = ρ(t, r) and ~u =
~x
r
V (t, r) =:
~x
r
V , (4)
with r =
(∑N
i=1 x
2
i
)1/2
. By the standard computation, the Euler-Poisson equations in radial
symmetry can be written in the following form:

ρt + V ρr + ρVr +
N − 1
r
ρV = 0,
ρ (Vt + V Vr) + Pr(ρ) + δρΦr (ρ) = µr (ρ)
(
N−1
r V + Vr
)
+ µ(ρ)
[− (N−1r2 )V + N−1r Vr + Vrr] .
(5)
Under a common assumption for, the viscosity function can be defined:
µ(ρ) := κρθ, (6)
where κ and θ ≥ 0 are the constants. For the study of the above system, the readers may refer [13],
[16], [18] and [21]. In particular, when θ = 0, that returns the expression for the only V -dependent
viscosity function:

ρt + V ρr + ρVr +
N − 1
r
ρV = 0,
ρ (Vt + V Vr) + Pr(ρ) + δρΦr (ρ) = κ
[
Vrr +
N−1
r Vr −
(
N−1
r2
)
V
]
,
(7)
which are the usual form of the Navier-Stokes-Poisson equations. The equations (1)1 and (1)2
(vis(ρ, u) 6= 0) are the compressible Navier-Stokes equations with forcing term. The equation
(1)3 is the Poisson equation through which the gravitational potential is determined by the density
distribution of the density itself. Thus, the system (1) is called the Navier-Stokes-Poisson equations.
Here, if the vis(ρ, u) = 0, the system is called the Euler-Poisson equations. In this case, the
equations can be viewed as a prefect gas model. For N = 3, (1) is a classical (nonrelativistic)
description of a galaxy, in astrophysics. See [3], [15] for details about the system.
P = P (ρ) is the pressure. The γ-law can be applied on the pressure P (ρ), i.e.
P (ρ)= Kργ :=
ργ
γ
, (8)
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which is a common hypothesis. The constant γ = cP /cv ≥ 1, where cP , cv are the specific heats
per unit mass under constant pressure and constant volume respectively, is the ratio of the specific
heats, that is, the adiabatic exponent in (8). With K = 0, we call that the system is pressureless.
For the local existence of the Euler-Poisson equations, the interested reader may refer the results
of Makino [14], Gambin [9] and Bezard [1].
In the following, we always seek solutions in radial symmetry. Thus, the Poisson equation (1)3
is transformed to
rN−1Φrr (t, x) + (N − 1) rN−2Φr=α (N) ρrN−1, (9)
Φr =
α (N)
rN−1
∫ r
0
(ρ(t, s)− Λ) sN−1ds. (10)
In this paper, we concern about blowup solutions for the N -dimensional pressureless Navier-Stokes-
Poisson equations with the density-dependent viscosity. And our aim is to construct a family of
blowup solutions.
Historically in astrophysics, Goldreich and Weber [11] constructed the analytical blowup (col-
lapsing) solutions of the 3-dimensional Euler-Poisson equations for γ = 4/3 and for the non-rotating
gas spheres. After that, Makino [15] obtained the rigorously mathematical proof of the existence
of such kind of blowup solutions. And in [7], Deng, Xiang and Yang extended the above blowup
solutions in RN (N ≥ 3). Recently, Yuen obtained the blowup solutions in R2 with γ = 1 in [21].
The family of the analytical solutions are rewritten as:
for N ≥ 3 and γ = (2N − 2)/N , in [7]:


ρ(t, r) =


1
a(t)N
y( ra(t) )
N/(N−2), for r < a(t)Zµ;
0, for a(t)Zµ ≤ r.
, V (t, r) =
a˙(t)
a(t)
r,
a¨(t)=
−λ
a(t)N−1
, a(0) = a0 > 0, a˙(0)= a1,
y¨(z)+
N − 1
z
y˙(z)+
α(N)
(2N − 2)Ky(z)
N/(N−2)= µ, y(0) = α > 0, y˙(0) = 0,
(11)
where µ = [N(N − 2)λ]/(2N − 2)K and the finite Zµ is the first zero of y(z);
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for N = 2 and γ = 1, in [21]


ρ(t, r) =
1
a(t)2
ey(r/a(t)), V (t, r) =
a˙(t)
a(t)
r,
a¨(t)=
−λ
a(t)
, a(0) = a0 > 0, a˙(0)= a1,
y¨(z)+
1
z
y˙(z)+
2π
K
e
y(z)
= µ, y(0) = α, y˙(0) = 0,
(12)
where K > 0, µ = 2λ/K with a sufficiently small λ and α are constants.
For the construction of analytical solutions to the Euler, Navier-Stokes and pressureless Navier-
Stokes-Poisson equations, readers may refer to the recent results in [20], [19], [23] and [24].
In this article, it is natural to extend the more general results to cover the full system (5) —-
Navier-Stokes-Poisson equations with density-dependent viscosity and with pressure. In short, we
successfully deduce the system (5) into the much simpler ordinary differential equations.
Theorem 1 For the Navier-Stokes-Poisson equations in RN (N ≥ 2) with γ = 2N−2N , (5) there
exists a family of solutions, those are:

ρ(t, r) =


f( r
a(t)
)
a(t)N , for r < a(t)Zµ,
0, for a(t)Zµ ≤ r,
, V (t, r) =
a˙(t)
a(t)
r , (13)
where f(z) and a(t) are the following functions and the finite Zµ is the first zero of f(z):
(1) with Λ = 0, and
(1a) θ = 2N−3N ,

a(t) = mt+ n,
γKf(z)γ−2f˙(z)−mκθNf(z)θ−2f˙(z) + δα(N)zN−1
∫ z
0 f(s)s
N−1ds, f(0) = α > 0,
(14)
where m, n > 0 and α are constant;
(1b) θ = 3N−42N ,

a(t) = (mt+ n)2/N ,
γKf(z)γ−2f˙(z)− 2mκθf(z)θ−2f˙(z) + δα(N)zN−1
∫ z
0 f(s)s
N−1ds = 2(N−2)m
2
N2 z, f(0) = α > 0.
;
(15)
In particular, for m < 0, the solutions (14) and (15) blow up at the finite time T = −m/n.
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(2) with δΛ > 0 and θ = 2N−3N , we have

a(t) = e
√
δα(N)Λ
N t,
(Kγ −Nδα(N)Λ) f(z)θ−2f˙(z) + δα(N)zN−1
∫ z
0 f(s)s
N−1ds, f(0) = α, f(0) = α > 0.
(16)
2 Separable Solutions
Before we present the proof of Theorem 1, Lemmas 3 and 12 of [22] are quoted here.
Lemma 2 (Lemma 3 of [22]) For the equation of conservation of mass in radial symmetry:
ρt + V ρr + ρVr +
N − 1
r
ρV = 0, (17)
there exist solutions,
ρ(t, r) =
f(r/a(t))
a(t)N
, V (t, r) =
·
a(t)
a(t)
r, (18)
with the form f ≥ 0 ∈ C1 and a(t) > 0 ∈ C1.
It is clear to check our solutions to satisfy the Navier-Stokes-Poisson equations:
Proof. As we use the functional structure of the above lemma, our solutions (13) fit well to the
mass equation (5)1.
(1a) For the momentum equation (5)2, we have:
ρ(Vt + V · Vr) +K (ργ)r − κ(ρθ)r
(
N − 1
r
V + Vr
)
− κρr(Vrr + N − 1
r
Vr − N − 1
r2
V ) (19)
+ ρ
δα(N)
rN−1
∫ r
0
ρsN−1ds (20)
= ρ
a¨(t)
a(t)
r +K
([
f( ra(t) )
a(t)N
]γ)
r
− κ

[f( ra(t) )
a(t)N
]θ
r
Na˙(t)
a(t)
+ ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds (21)
= γK
[
f( ra(t))
a(t)N
]γ−1
∂
∂r
[
f( ra(t) )
a(t)N
]
− κθ
[
f( ra(t) )
a(t)N
]θ−1
∂
∂r
[
f( ra(t) )
a(t)N
]
Na˙(t)
a(t)
(22)
+ ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds, (23)
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with a(t) = mt+ n.
Then, we have:
= γK
[
f( ra(t) )
a(t)N
]γ−1
f˙( ra(t) )
a(t)N+1
− κθ
[
f( ra(t) )
a(t)N
]θ−1
f˙( ra(t) )
a(t)N+2
Na˙(t) + ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds
(24)
= ρ
{
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+N+1
−
κθNf( ra(t) )
θ−2f˙( ra(t) )
a(t)N(θ−2)+N+2
a˙(t) +
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds
}
(25)
=
ρ
a(t)N−1
{
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+2
−
κθNf( ra(t))
θ−2f˙( ra(t) )
a(t)N(θ−2)+3
a˙(t) +
δα(N)
rN−1
a(t)N−1
∫ r/a(t)
0
f(s)
a(t)N
sN−1ds
}
.
(26)
And we plug with the condition for γ = 2N−2N and θ =
2N−3
N and with the new variable z := r/a(t):
=
ρ
a(t)N−1
{
γKf(z)γ−2f˙(z)−mκθNf(z)θ−2f˙(z) + δα(N)
zN−1
∫ z
0
f(s)sN−1ds
}
. (27)
In the theorem, we require the ordinary differential equation for y(z) is


γKf(z)γ−2f˙(z)−mκθNf(z)θ−2f˙(z) + δα(N)zN−1
∫ z
0 f(s)s
N−1ds = 0,
y(0) = α > 0.
(28)
Therefore, our solutions satisfy the momentum equation.
(1a) Similarly, for Λ = 0, γ = 2N−2N and θ =
3N−4
2N , we have:
ρ(Vt + V · Vr) +K (ργ)r − κ(ρθ)r
(
N − 1
r
V + Vr
)
− κρr(Vrr + N − 1
r
Vr − N − 1
r2
V ) (29)
+ ρ
δα(N)
rN−1
∫ r
0
ρsN−1ds (30)
= ρ
a¨(t)
a(t)
r +K
([
f( ra(t) )
a(t)N
]γ)
r
− κ


[
f( ra(t) )
a(t)N
]θ
r
Na˙(t)
a(t)
+ ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds (31)
= ρ
2
N (
2
N − 1)m2
(mt+ n)2
r + γK
[
f( ra(t) )
a(t)N
]γ−1
∂
∂r
[
f( ra(t) )
a(t)N
]
(32)
− κθ
[
f( ra(t) )
a(t)N
]θ−1
∂
∂r
[
f( ra(t) )
a(t)N
]
2m(mt+ n)−1 + ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds, (33)
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with a(t) = (mt+ n)2/N .
Then, we have:
= ρ
2 (2−N)m2r
N2(mt+ n)2
+ γK
[
f( ra(t) )
a(t)N
]γ−1
f˙( ra(t) )
a(t)N+1
(34)
− 2mκθ
[
f( ra(t) )
a(t)N
]θ−1
f˙( ra(t) )
a(t)N+2
(mt+ n)(2−N)/N + ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds (35)
= ρ


2(2−N)m2r
N2(mt+n)2 +
Kγf( r
a(t)
)γ−2f˙( r
a(t)
)
a(t)N(γ−2)+N+1
− 2mκθf(
r
a(t) )
θ−2f˙( ra(t) )
a(t)N(θ−2)+N+2
(mt+ n)(2−N)/N + δα(N)rN−1
∫ r
0
f( ra(t) )
a(t)N s
N−1ds

 (36)
=
ρ
(mt+ n)2(N−1)/N


2(2−N)m2
N2
(mt+n)2(N−1)/N
(mt+n)2 r +
γKf( r
a(t)
)γ−2f˙( r
a(t)
)
a(t)N(γ−2)+2
− 2mκθf(
r
a(t)
)θ−2f˙( r
a(t)
)
a(t)N(θ−2)+3
(mt+ n)s−1 + δα(N)
rN−1
a(t)N−1
∫ r
0
f( r
a(t)
)
a(t)N s
N−1ds

 (37)
=
ρ
a(t)N−1


2(2−N)m2
N2
r
(mt+n)N/2
+
γKf( r
a(t)
)γ−2f˙( r
a(t)
)
a(t)N(γ−2)+2
− 2mκθf(
r
a(t)
)θ−2f˙( r
a(t)
)
(mt+n)s(N(θ−2)+3)
(mt+ n)s−1 + δα(N)
rN−1
a(t)N−1
∫ r/a(t)
0
f(s)
a(t)N s
N−1ds

 (38)
=
ρ
a(t)N−1


2(2−N)m2
N2
r
a(t) +
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+2
−2mκθf( ra(t) )θ−2f˙( ra(t) ) + δα(N)rN−1
a(t)N−1
∫ r/a(t)
0
f(s)
a(t)N s
N−1ds

 (39)
with γ = 2N−2N and θ =
3N−4
2N for N ≥ 2.
and with the new variable z := r/a(t):
=
ρ
a(t)N−1
{
2(2−N)m2
N2
z + γKf(z)γ−2f˙(z)− 2mκθf(z)θ−2f˙(z) + δα(N)
zN−1
∫ z
0
f(s)sN−1ds
}
.
(40)
In the theorem, we require the ordinary differential equation for f(z):


γKf(z)γ−2f˙(z)− 2mκθf(z)θ−2f˙(z) + δα(N)
zN−1
∫ z
0
f(s)sN−1ds = 2(N−2)m
2
N2 z,
y(0) = α > 0.
(41)
Therefore, our solutions satisfy the momentum equation.
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(2) for δΛ > 0 and γ = θ = 2N−2N , we have:
ρ(Vt + V · Vr) +K (ργ)r − κ(ρθ)r
(
N − 1
r
V + Vr
)
− κρr(Vrr + N − 1
r
Vr − N − 1
r2
V ) (42)
+
δα(N)ρ
rN−1
∫ r
0
(ρsN−1 − Λ)ds (43)
= ρ
δα(N)Λ
N
r +K
([
f( ra(t) )
a(t)N
]γ)
r
−

κ
[
f( ra(t) )
a(t)N
]θ
r
Na˙(t)
a(t)
(44)
+ ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds− ρδα(N)Λ
rN−1
∫ r
0
sN−1ds. (45)
With a(t) = e
√
δα(N)Λ
N t, then we get:
= Kγ
[
f( ra(t) )
a(t)N
]γ−1
f˙( ra(t) )
a(t)N+1
− κθ
[
f( ra(t) )
a(t)N
]θ−1
f˙( ra(t) )
a(t)N+1
√
Nδα(N)Λ + ρ
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds
(46)
= ρ

γK
[
f( ra(t) )
a(t)N
]γ−2
f˙( ra(t) )
a(t)N+1
− κθ
√
Nδα(N)Λ
[
f( ra(t) )
a(t)N
]θ−2
f˙( ra(t) )
a(t)N+1
+
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds


(47)
= ρ
{
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+N+1
−
κθ
√
Nδα(N)Λf( ra(t) )
θ−2f˙( ra(t) )
a(t)N(θ−2)+N+1
+
δα(N)
rN−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds
}
(48)
=
ρ
a(t)N−1
{
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+2
−
κθ
√
Nδα(N)Λf( ra(t) )
θ−2f˙( ra(t) )
a(t)N(θ−2)+2
+
δα(N)
rN−1
a(t)N−1
∫ r
0
f( ra(t) )
a(t)N
sN−1ds
}
(49)
=
ρ
a(t)N−1
{
γKf( ra(t) )
γ−2f˙( ra(t) )
a(t)N(γ−2)+2
−
κθ
√
Nδα(N)Λf( ra(t) )
θ−2f˙( ra(t) )
a(t)N(γ−2)+2
+
δα(N)
rN−1
a(t)N−1
∫ r/a(t)
0
f(s)
a(t)N
sN−1ds
}
(50)
=
ρ
a(t)N−1
{
γKf(
r
a(t)
)γ−2f˙(
r
a(t)
)− κθ
√
Nδα(N)Λf(
r
a(t)
)θ−2f˙(
r
a(t)
) +
δα(N)
rN−1
a(t)N−1
∫ r/a(t)
0
f(s)
a(t)N
sN−1ds
}
,
(51)
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with γ = θ = 2N−2N .
We require the corresponding ordinary differential equations f(z) with z := r/a(t) :

(
γK − κθ
√
Nδα(N)Λ
)
f(z)γ−2f˙(z) + δα(N)zN−1
∫ z
0
f(s)sN−1ds = 0
y(0) = α > 0.
(52)
The proof is completed.
Remark 3 If the complex number solutions (ρ, u) ∈ CN+1 is considered, we have the corresponding
solutions for δΛ < 0:

ρ(t, r) =
f( ra(t) )
a(t)N , V (t, r) = i
√
−δΛ
N r,
a(t) = ei
√
−δΛ
N t,(
γK − iκθ
√
−Nδα(N)Λ
)
f(z)γ−2f˙(z) + δα(N)zN−1
∫ z
0
f(s)sN−1ds = 0, f(0) = α,
(53)
where i is the complex constant.
Remark 4 Our method can be easily extended to the corresponding systems with linear damping:

ρt+∇ · (ρ~u) =0,
ρ[~ut + (~u · ∇) ~u] + βρ~u +∇P = −δρ∇Φ+ vis(ρ, ~u),
∆Φ(t, x) = α(N)ρ− Λ,
(54)
where β > 0 is a constant.
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